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Connectivity & Hamiltonian cycles

A graph G is

I k-connected if every pair of vertices is joined by at least k
internally disjoint paths.

I locally k-connected if N(v) is k-connected ∀ v ∈ V (G).
I connected + locally k-connected =⇒ (k + 1)-connected

(Chartrand, Pippert ’74)

Graphs can be arbitrarily (locally) connected and non-Hamiltonian.
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Toughness & Hamiltonian cycles

A graph G is t-tough if the removal of a vertex cut of size k leaves
at most k/t connected components (Chvátal, ’73).

I τ(G) = toughness of G = smallest t for which G is t-tough

I Note that “G is t-tough” =⇒ “G is 2t-connected”
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Toughness & Hamiltonian cycles

If G is Hamiltonian and you delete k vertices, then there are at
most k connected components remaining.

In other words,

G is Hamiltonian =⇒ τ(G) ≥ 1

Conjecture (Chvátal ’73)

There is a constant t such that

τ(G) ≥ t =⇒ G is Hamiltonian.

IF the conjecture holds, then t ≥ 9
4 .

Theorem (Bauer, Broersma, Veldman ’00)

For every ε > 0 there exists a non-Hamiltonian graph that is
(9
4 − ε)-tough.
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There is a constant t such that

τ(G) ≥ t =⇒ G is Hamiltonian.

IF the conjecture holds, then t ≥ 9
4 .

Theorem (Bauer, Broersma, Veldman ’00)

For every ε > 0 there exists a non-Hamiltonian graph that is
(9
4 − ε)-tough.



Toughness & Hamiltonian cycles

If G is Hamiltonian and you delete k vertices, then there are at
most k connected components remaining. In other words,

G is Hamiltonian =⇒ τ(G) ≥ 1

Conjecture (Chvátal ’73)
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The role of forbidden induced subgraphs

The problem of relating connectivity or toughness to Hamiltonicity
becomes more feasible if one forbids certain induced subgraphs. A
graph G is H-free if it contains no induced copy of H.

Two particularly interesting cases:

chordal graphs: Cn-free for every n ≥ 4

claw-free graphs: K1,3-free
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Chordal graphs and Hamiltonian cycles

Do connectivity or toughness guarantee Hamiltonicity in chordal
graphs?

Connectivity: No Kk

Ik+1

Toughness: Yes!

Theorem (Chen, Jacobson, Kézdy, Lehel ’98)

Every 18-tough graph is Hamiltonian.

Question

What is the smallest t such that every chordal graph G with
τ(G) ≥ t is Hamiltonian?

I Best possible: 7
4 (Bauer, Broersma, Veldman ’00)
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Claw-free graphs and Hamiltonian cycles

Do connectivity or toughness guarantee Hamiltonicity in claw-free
graphs?

I Yes, and they are equivalent properties!

Theorem (Matthews, Sumner ’84)

A claw-free graph is t-tough if and only if it is 2t-connected.

Theorem (Zhan ’91)

Every 7-connected claw-free graph is Hamiltonian.

Theorem (Kaiser, Vrána ’11)

Every 5-connected claw-free graph with δ(G) ≥ 6 is Hamiltonian.

Theorem (Oberly, Sumner ’79)

Every connected, locally connected claw-free graph is Hamiltonian.
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Claw-free graphs and Hamiltonian cycles

This is not to say that things become easy in claw free graphs.

Conjecture (Matthews-Sumner ’84)

Every 4-connected claw-free graph is Hamiltonian.

Conjecture (Thomassen ’86)

Every 4-connected line graph is Hamiltonian.

These two conjectures were shown to be equivalent by Ryjáček
(’97). Many more equivalent conjectures have been offered (see
Kužel, Ryjáček, Vrána ’12).
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(’97). Many more equivalent conjectures have been offered (see
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Beyond Hamiltonian cycles

Let G be a simple graph on n vertices.

I G is pancyclic if it contains a cycle of length m for every
3 ≤ m ≤ n (Bondy ’71)

Let C be a cycle of G of length m < n. We say

I C is extendible if there exists a cycle C ′ of length m+ 1 with
V (C) ⊂ V (C ′)

I G is cycle extendible if every non-Hamiltonian cycle is
extendible (Hendry ’90)

These two graph properties clearly generalize Hamiltonicity:

cycle extendible =⇒ pancyclic =⇒ Hamiltonian

When can we guarantee a graph is cycle extendible?
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Cycle extendible chordal graphs

Conjecture (Hendry ’90)

Every Hamiltonian chordal graph is cycle extendible.

True for chordal graphs which are:
I planar (Jiang ’02)
I spider intersection graphs (Abueida, Busch, Sritharan, ’13+)

I generalizes interval graphs (Abueida, Sritharan ’06; Chen,
Faudree, Gould, Jacobson ’06) and split graphs (Abueida,
Sritharan ’06)

I strongly chordal (sun-free) and either (K1,4 + e)-free or
hourglass-free (Abueida, Sritharan ’06)

K1,4 + e hourglass 3-sun 4-sun 5-sun
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Some new classes for which Hendry’s Conjecture holds

Theorem (S. ’13+)

A Hamiltonian chordal graph is cycle extendible if it is

I {fork, Z2}-free, or

I {bull, Z2}-free, or

I P5-free.

fork: Z2:

bull: P5:



Cycle extendible claw-free graphs

Recall that every 7-connected claw-free graph is Hamiltonian.
Does high enough connectivity (equivalently, toughness) imply a
graph is cycle extendible? No.

Theorem (Brandt, Favaron, and Ryjáček ’00)

For every k ≥ 2 there is a k-connected claw-free graph which is
not pancyclic (and hence not cycle extendible).

We need more than k-connectivity for a claw-free graph to be cycle
extendible.
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Cycle extendible claw-free graphs

An example where “more than connectivity” gives cycle structure
in claw-free graphs:

Theorem (Oberly, Sumner ’79)

Every connected, locally connected claw-free graph is Hamiltonian.

Theorem (Clark ’81; Hendry ’90)

If G is locally connected and claw-free, then G is cycle extendible.

I Clark’s theorem states “pancyclic”, Hendry observes the
stronger result is actually shown

One can show that 2-connected chordal graphs are locally
connected. Hence, every 2-connected, claw-free, chordal graph is
cycle extendible.
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Cycle extendible claw-free graphs

Theorem (Clark ’81; Hendry ’90)

If G is locally connected and claw-free, then G is cycle extendible.

Can we weaken the claw-free condition?

A graph is almost claw-free if all centers of induced claws are
independent and the open neighbourhood of any vertex induces a
2-dominated graph.

Theorem (Ryjáček, ’06)

Every locally connected, K1,4-free, almost claw-free graph is cycle
extendible.
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Claw-light graphs

A graph is claw-light if every vertex v together with any four of its
neighbours induce at most one claw centred at v.

I Note that claw-free graphs are claw-light

Lemma
A graph is claw-light if and only if it is {K1,4,K1,4 + e}-free.

I claw-free ⇐⇒ any three vertices having a common
neighbour induce at least one edge

I claw-light ⇐⇒ any four vertices having a common neighbour
induce at least 2 edges (G also called K1,4-restricted).

Question

Is every locally connected, claw-light graph cycle extendible?

Answer
No, but it’s close...
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Claw-light graphs

Question

When is a locally connected and claw-light graph cycle extendible?

Examples of locally connected, claw-light graphs which are not
1-tough (and so not cycle extendible):

Theorem (Li, Wang ’09)

If G is a locally connected, claw-light graph with δ(G) ≥ 3, then G
is cycle extendible.
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Claw-light graphs

Another look at our examples:

Theorem (S. ’13+)

If G is a locally connected, claw-light, twin-bull-free graph on at
least 6 vertices, then G is cycle extendible.

twin-bull:
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Something to think about...

The largest claw-light, locally connected, non-Hamiltonian graph
we can find (so far) is on 13 vertices.

Problem
Is it true that every locally connected, claw-light graph on
sufficiently many vertices is cycle extendible?



Thank you


